V-shaped cantilevers are used widely in the atomic force microscope ͑AFM͒ due to their perceived enhanced resistance to lateral forces in comparison to rectangular cantilevers. In this article, we rigorously investigate this premise, and in so doing establish that, contrary to established operating principles and intuition, V-shaped AFM cantilevers are generally more prone to the effects of lateral forces than rectangular AFM cantilevers. This finding suggests that rectangular cantilevers should be used in place of V-shaped cantilevers in applications where the effects of lateral forces are to be minimized.
I. INTRODUCTION
The performance of the atomic force microscope ͑AFM͒ is underpinned by the mechanical properties of its forcesensing probe, which is typically a cantilever plate approximately 100 m in length. In its original form, 1 the AFM cantilever plate was handcrafted from a thin film of gold in the shape of a rectangular plate. Shortly after this, microfabrication techniques were introduced [2] [3] [4] to facilitate the construction and mass production of AFM cantilevers, and a number of different cantilever geometries were proposed. Of these different geometries, rectangular and V-shaped cantilevers have emerged as the accepted standards for AFM applications, see Fig. 1 .
The V-shaped cantilever [3] [4] [5] was proposed initially as an alternative to the rectangular cantilever, with the explicit aim of minimizing the effects of lateral forces on the deformation of the cantilever. However, the motivating premise that V-shaped cantilevers are more resistant to lateral forces than rectangular cantilevers has never been investigated formally. Consequently, we present a detailed comparison of the complementary performance of V-shaped and rectangular cantilevers, with regards to their susceptibility to lateral forces. In so doing, we rigorously establish that contrary to accepted thinking and the original intent, V-shaped cantilevers exhibit at best comparable and generally lower resistance to lateral forces than rectangular cantilevers. This suggests that rectangular cantilevers, rather than V-shaped cantilevers, should be used in applications where the effects of lateral forces are to be minimized.
II. THEORY
We now detail the theoretical formalism to be used in examining the relative merits of V-shaped and rectangular cantilevers with regards to their lateral stability, i.e., the susceptibility of the cantilever to deform under lateral forces acting on its tip in the x and y directions, see Fig. 2 . To perform this comparison, we utilize analytical formulas for the spring constants of the cantilevers.
A. Spring constants
First, we note that AFM cantilevers are typically loaded in three different modes ͑see Fig. 3͒ :
͑1͒ force F z applied normal to the face of the cantilever; ͑2͒ torque T applied about the major axis of the cantilever; and ͑3͒ longitudinal moment M applied about the minor axis of the cantilever. Each of these loads is usually applied via the imaging tip, which is situated near the end of the cantilever, see Fig. 2 . We note that this tip is far more rigid than the cantilever itself, and has the effect of making the cantilever rigid at that position.
Next, we define the following spring constants corresponding to each mode of deformation. Normal spring constant k z is the ratio of normal force F z to normal deflection ⌬z resulting from that load alone, i.e.,
Torsional spring constant k is the ratio of torque T to the resulting rotation angle ⌬ about the major axis of the cantilever due to that load alone, i.e.,
Two longitudinal spring constants related to loading by longitudinal bending moment M alone are defined, i.e.,
where ⌬z is the resulting displacement of the cantilever, and ⌬ is the rotation about the cantilever's minor axis. All displacements and rotations are specified at the load position. For rectangular cantilevers, formulas for the above spring constants are given by 6 ͑Appendix͒
where D 0 ϭEt 3 is the rigidity of the plate, E is the Young's modulus, t is its thickness, is Poisson's ratio, ⌬L is the position of the load point on the cantilever measured back from the end tip ͑along the axis of symmetry of the cantilever, see Fig. 2͒ , and all other dimensions are detailed in Fig.  1͑a͒ .
Note that the formulas in Eq. ͑2͒, apart from k , have been derived using standard beam theory. 6 The formula for the torsional spring constant k , however, is derived from plate theory ͑see the Appendix͒, and includes a term that accounts for the inherent restraint on axial warping of the plate. This term is absent from standard torsional beam theory 6 and can be significant for torsional deformations, even for typical cantilevers encountered in practice, e.g., for L/cϭ2, 5, and 10, this term contributes approximately 30%, 10%, and 5%, respectively. In addition, all formulas in Eq. ͑2͒ implicitly assume that the portion of the cantilever past the imaging tip deforms as a rigid body. This is consistent with the rigidity property of the imaging tip discussed above, and also holds for any cantilever of high aspect ratio L/c.
For V-shaped cantilevers, the corresponding formulas 7, 8 are 
where
and L, b, and d are defined in Fig. 1͑b͒ , whereas ⌬L is as defined for the rectangular cantilever. While the above formulas for rectangular and V-shaped cantilevers are approximate in nature, they exhibit sufficient accuracy ͑Շ10% error 9 ͒ to enable quantification of the relative merits of V-shaped and rectangular cantilevers.
To evaluate the effect of lateral forces F x and F y acting on the tip of the cantilever ͑see Fig. 2͒ , we require the following lateral spring constants:
where ⌬x and ⌬y are the corresponding displacements in the x and y directions, respectively. Note that the spring constant in Eq. ͑5a͒ corresponds in practice to the case where the cantilever is in rigid contact with the surface ͑no vertical displacement ⌬z is allowed͒, as can be encountered in contact mode imaging. The lateral spring constants in Eq. ͑5͒ are related to the above torsional and longitudinal spring constants by the following relations:
where h is the distance from the midplane of the cantilever plate to the bottom of the imaging tip, see Fig. 2 . For the case where the cantilever is not in contact with the surface, the restriction ⌬zϭ0 must be relaxed in k x . The resulting lateral spring constant k x then becomes
whereas k y remains unchanged. All other situations encountered in practice fall within the above limits of rigid contact and no contact.
B. Susceptibility to lateral forces
For a given cantilever, it is clear that its susceptibility to lateral forces can be reduced by increasing its rigidity D 0 .
However, this is obviously undesirable due to the corresponding decreased sensitivity to normal forces. Therefore, the best case scenario is achieved by maximizing the ratios of the lateral spring constants to the normal spring constant, i.e., maximizing ratios R x and R y , which shall henceforth be referred to as the lateral resistances,
Consequently, these ratios can be used to assess the relative merits of different cantilevers in regards to their resistance to lateral forces; cantilevers with higher R x and R y being less susceptible to the influence of lateral forces. Finally, we note that R x and R y are independent of rigidity D 0 of the cantilever, since they are defined as the ratio of spring constants. Therefore, R x and R y depend only on the plan-view geometry, Poisson's ratio, the imaging tip height of the cantilever, and the load position.
III. RESULTS AND DISCUSSION
We now use the results of the previous section to examine the lateral stability of rectangular and V-shaped cantilevers. To compare the performance of these cantilevers, we require that both cantilevers have identical normal spring constants, for reasons given above. This comparison is then facilitated by noting that V-shaped and rectangular cantilevers of identical length have identical normal spring constants, if the width of the rectangular cantilever is chosen appropriately. 8 Consequently, in the following analysis, we compare rectangular and V-shaped cantilevers of identical lengths; this also corresponds to the case commonly encountered in practice. In addition, the height h of the imaging tip and the load position ⌬L are chosen to be identical in both cantilevers.
From Eq. ͑2͒, it follows that the lateral resistances of rectangular cantilevers are given by 
where superscript rect corresponds to results for rectangular cantilevers. Equations ͑9a͒ and ͑9b͒ indicate that the effects of lateral forces in comparison to normal forces in rectangular cantilevers are reduced by increasing the ratio of cantilever length L to imaging tip height h.
From Eq. ͑9a͒, it is also clear that lateral resistance R x rect is independent of cantilever width c, whereas R y rect increases with decreasing aspect ratio L/c, i.e., a cantilever of a given length L with a larger width c, will be less susceptible to lateral forces in the y direction. We note that this latter finding is not recoverable using standard beam theory, which erroneously predicts that lateral resistance R y rect is independent of the cantilever width.
Consequently, it is clear that when comparing lateral resistances R x of rectangular and V-shaped cantilevers, for identical length L, tip height h, and load position ⌬L, consideration need only be given to variations in the V-shaped plan-view geometry. For R y , however, the width of the rectangular cantilever needs to be chosen to ensure that both rectangular and V-shaped cantilevers have identical normal spring constants, since R y rect is dependent on cantilever aspect ratio L/c. From Eqs. ͑2͒ and ͑3a͒ we then obtain the required relation cϭ2d ͭ1ϩ .
͑10͒
In Fig. 4 , we present results for the ratio of the lateral resistances of rectangular to V-shaped cantilevers, as a function of the V-shaped cantilever geometry. Since the dimensions of the V-shaped and rectangular cantilever have been chosen such that both cantilevers have identical normal spring constants, these results give a true comparison of the lateral stability of rectangular and V-shaped cantilevers. Results are only given for a V-shaped aspect ratio b/Lϭ1, Poisson's ratio ϭ0.25, and load position 0.01р⌬L/Lр0.1, since this is the case encountered typically in practice. Similar results are obtained for 0.5рb/Lр1.5 and 0рр0.5, and hence, are not reproduced here.
Note that if the plotted ratio of the lateral resistances in Fig. 4 is greater than unity, then rectangular cantilevers possess superior lateral stability to V-shaped cantilevers, whereas if the ratio is less than unity, the converse is true. These results indicate that, at best, V-shaped cantilevers give comparable lateral stability to rectangular cantilevers. Furthermore, it is found that rectangular cantilevers generally exhibit significantly better lateral stability to that of V-shaped cantilevers. For example, in the typical practical case of a V-shaped cantilever with b/Lϭ1, d/bϭ0.2, ⌬L/Lϭ0.03, and ϭ0.25, we find that ͑i͒ in rigid contact with a surface, V-shaped cantilevers are 3 and 1.5 times more prone to bending due to lateral forces acting in the x and y directions, respectively, whereas ͑ii͒ if there is no contact with a surface, V-shaped cantilevers are 1.5 times more susceptible to lateral forces in both the x and y directions. In general, we find that for ⌬L/Lу0.01:
where superscripts rect and V correspond to rectangular and V-shaped cantilevers, respectively. These results establish conclusively that rectangular cantilevers can exhibit significantly greater lateral stability in comparison to V-shaped cantilevers.
Note that the lateral stability of V-shaped cantilevers is degraded in comparison to rectangular cantilevers by moving the load point closer to the end tip, i.e., reducing ⌬L/L. This is expected, since in the limit as ⌬L/L→0, V-shaped cantilevers provide no resistance to lateral forces ͑the load is applied to a point͒, whereas rectangular cantilevers provide finite resistance; cf. Eqs. ͑2͒, ͑3c͒ and ͑3d͒, i.e.,
Thus, the finding that rectangular cantilevers exhibit greater lateral stability than V-shaped cantilevers for finite ⌬L/L has FIG. 4. Plot showing ratio of lateral resistances of a rectangular cantilever to a V-shaped cantilever, as a function of V-shaped geometry, for ͑a͒ lateral loading in the y direction; ͑b͒ lateral loading in the x direction, where displacement in the z direction is not allowed ͑rigid contact͒; and ͑c͒ lateral loading in the x direction, where displacement in the z direction is allowed ͑no contact͒. Superscripts rect and V refer to rectangular and V-shaped cantilevers, respectively. Lateral resistances are as defined in Eq. ͑8͒. Dashed line at unity is included as a guide only.
a simple physical explanation. We also point out that in the limit as d/b approaches its minimum value of 1/2 (⌬L/L), the lateral stability of V-shaped cantilevers becomes comparable to that of rectangular cantilevers, but never significantly exceeds it, see Fig. 4 . The findings of this study are contrary to established operating principles of the AFM, which indicate that V-shaped cantilevers be used to minimize the effects of lateral forces. The present analysis establishes conclusively that use of V-shaped cantilevers will enhance the effect of lateral forces in comparison to rectangular cantilevers of identical normal stiffness. This conclusion is independent of whether the cantilevers are in contact with a surface or not, and suggests that rectangular cantilevers should be used in preference to V-shaped cantilevers for applications where the effects of lateral forces are to be minimized.
Conversely, this finding implies that V-shaped cantilevers may be used to maximize the effects of lateral forces, a property which is desirable in applications that specifically probe these forces, e.g., frictional measurements. The geometric complexity of V-shaped cantilevers, however, can complicate the interpretation and calibration of such measurements. Furthermore, since the lateral resistance and spring constant can be tuned by adjusting the cantilever dimensions, such measurements can be performed equally well with rectangular cantilevers, as is currently implemented in practice. Consequently, taken together with the findings of this study, a case can be argued for the universal use of rectangular cantilevers in the AFM.
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APPENDIX
Following the approach of Reissner and Stein, 10 we now derive an explicit formula for the torsional spring constant of a rectangular cantilever plate that accounts for the inherent restraint on axial warping. Specifically, we consider a cantilever plate with an imaging tip, whose effect is to make the cantilever rigid at the position of the tip. Consequently, consideration need only be given to the region of the plate from the clamped end ͑at xϭ0) to the imaging tip ͑at xϭL Ϫ⌬L), since the other region of the plate between the tip and the free end must deform as a rigid body. Throughout, it is assumed that the origin of the Cartesian coordinate system ͑x,y,z͒ lies at the center of mass of the clamped end of the plate, and adheres to the directions indicated in Fig. 2 .
To begin, we express the deflection function of the plate w(x,y), which is the deflection of the plate normal to its face in the z direction, as
